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Oeometrical Propositions applied to the Wave Theory of Light. 
By James M'Cullagii, F.T.C.D. 

Read June 24, 1833. 



Part I. — Geometuical Propositions. 

1. Theorem I. Conceive a curved surface B to be generated from a given curved sur- 
face A in the following manner : having assumed a fixed origin 0, apply a tangent plane 
at any point Q of the given surface, and perpendicular to this plane draw a right line 
OPR cutting the plane in P, and terminated in R, so that OP and OR may be re- 
ciprocally proportional to each other, their rectangle being equal to a constant quan- 
tity A;-, and let all the points R taken according to this law generate the second sur- 
face B. Then the relation between these two surfaces, and between the points Q and 
R, loill be reciprocral; that is to say, if a tangent plane be applied at the point R of 
the second surface, a perpendicular OiV to this plane will pass through the point Q of 
the first surface, and ON and Q will be reciprocally proportional to each other, the 
rectangle under them being also equal to k^. 

2. To prove this theorem, take a point q, in the tangent plane of the surface A, 
and near the point of contact Q. {Fig. 2.) Through q let several other planes be 
drawn touching the surface A in points Q'', Q", Q'", &c. and draw the perpendi- 
culars OP'R',OP"R", OP"R"',&c. according to the same law as OPR. The 
points R, R', R", R'", Sec., will thus be upon the second surface B, and they will 
moreover be all in the same plane ; for from any one of them. R let R'n be drawn 
perpendicular to the right line Oq and meeting Oq m n -, then on account of the si- 
milar right-angled triangles OP'q and OnR', the rectangle nOq will be equal to the 
rectangle i?' OP', or to the constant quantity ^^ so that the point n, or the foot 
of the perpendicular let fall upon Oq, will be the same for all the points R,R',R",R"', 
&c.., and consequently all these points will lie in a plane cutting the right lino Oqyi 
perpendicularly in n, so as to make the rectangle n Oq equal to k'\ Now while the 
point Q remains fixed, let the point q approach to it without limit in the tangent 
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plane at Q ; and the points R', R'\ R'", &c. will in like manner appi-oach without 
limit to the fixed point R ; the plane which contains all those neighbouring points 
having for its limiting position the tangent plane at R. Also the point n will ulti- 
mately coincide with N. It follows therefore that the tangent plane at R cuts the 
right line OQ, perpendicularly in iV, so as to make the rectangle NOQ e<iual to U. 

3. Corollary. If any point Q upon the surface A should be a point of intersection, 
where the surface admits an infinite number of tangent planes, the perpendiculars 
from upon these planes will form a conical surface having O for its vertex. In 
OQ take, as before, a point N, so that ONx OQ = k% and let a plane passing through 
iVat right angles to OQ cut the conical surface. The intersection will be a certain 
curve. From the preceding demonstration it is evident that every point of this curve 
belongs to the surface JB, and that the plane which touches this surface at any point of 
the curve cuts OQ perpendicularly in N; or, in other words, that tJie same plafie 
touches the surface JB through the whole extent of the curve. 

4-. Two surfaces related to each other like A and B in the preceding theorem may 
be called reciprocal surfaces, and points like Q and R reciprocal points ; the radii 
OQ and OR may likewise be termed reciprocal. A familiar example of such sur- 
faces is afforded, as I have shown on a former occasion*, by two ellipsoids having a 
common centre at the point O, and their semi-axes coincident in direction, and con- 
nected by the relation ad — W — cc —T^ ; where a, h, c, are the semi-axes of one el- 
lipsoid in the order of their magnitude, a being the greatest ; and a', b', c, those of 
the other ellipsoid, a' being the least. The mean serai-axes b and b' coincide, and the 
circular sections of both ellipsoids pass through the common direction of b and b\ 

5. It has also boon shown with regard to those ellipsoids, that if Q and It be reci- 
procal points on the surfaces of abc anda'b'c respectively, and if a right line Oqr, 
perpendicular to the plane QOR, cut the first ellipsoid in q and the second in r, the 
lines OQ and Oq will be the semi-axes of the section made in the ellipsoid abc by a 
plane passing through them ; and the lines OR and Or, in like manner, will be the 
semi-axes of the section made in the other ellipsoid a'b'c' by the plane in which 
they lie. 

6. It may further be remarked, that if the radius OQ in one of the reciprocal el- 
lipsoids describe a plane, the corresponding radius OR will describe another plane. 
For the planes touching the ellipsoid abc in the points Q will all be parallel to a cer- 
tain right line, and therefore the -perpendiculars OR to these tangent planes will all 
lie in a plane perpendicular to that right line. These two planes, containing the re- 
ciprocal radii, may, for brevity, be called reciprocal planes. 

When two reciprocal radii lie in a principal plane, at right angles to a semi-axis of 



* Transactions of the Royal Irish Academy, Vol. XVI. Part II. pp. 67, 68. 
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the ellipsoids, it is evident that two planes intersecting in this semi-axis and passing 
through the reciprocal radii, arc reciprocal planes. 

7. Theorem II. If three right lines at right angles to each other pass through a 
fixed point O, so that two of them are confined to given planes j the plane of these 
two, iu all its positions, touches the surface of a cone whose sections, parallel to the 
given planes, arc parabolas •, while the third right line describes another cone, whose 
sections parallel to the given planes are circles. 

Let the plane of the figure, {Fig. 3) supposed parallel to one of the given planes, 
be intersected by the other given plane in the right line MN -, and let OQ, be per- 
pendicular to the latter plane, while OP is perpendicular to the former and to the 
plane of the figure, so that PQ being joined will meet MN at right angles in M. Let 
OA, OB, OC, be the three perpendicular lines, of which OA is parallel to the plane 
of the figure ; this plane will be intersected by the plane of OA and OB in a right 
line jBT parallel to O^, and therefore perpendicular to both O^S and OP, and to 
the plane BOP, and to the line BP. Thus the angle PBT is always a right angle, 
and therefore ^T always touches the parabola whose focus is P and vertex M ; or, 
which comes t6 the same thing, the plane AOB T always touches the cone which has 
O for its vertex, and the parabola for its section. 

Again, since OB, OP, OC, are all at right angles to Oyl, thoy are in the same 
plane, and therefore the points B, P, C, are in the same straight line •, and as BOC 
is a right angle, the rectangle under BP and PC is equal to the square of the per- 
pendicular OP ; but QOB, is also a right angle, and therefore QP x PM = OP^ ; 
whence BP x PC=QP x PM, and therefore the points B, M, C,Q, are in the cir- 
cumference of a circle, so that the angle at C is a right angle, being in the same seg- 
ment with the angle at K. Thus the point C describes the circle whose diameter is 
PQ, and O C describes the cone of which this circle is the section. 

8. Of the two right lines OP and 0^3 perpendicular to the given planes, one is 
also perpendicular to the plane of the section. That one is OP. Its extremity P 
is the focus of the parabola. The extremities of both are the extremities of the 
diameter P Q of the circle. The vertex of the parabola is the point R where the 
diameter of the circle intersects that given plane to which the plane of section is not 
parallel. 

9. Theorem III. In a straight line at right angles to any diametral section QOq 
of an ellipsoid abc whose centre is O, let O T and O F be taken respectively equal to 
O Q and Oq the semi-axes of the section, and imagine the double surface which is 
the locus of all the points T and V\ then if OjS be perpendicular to the plane which 
touches the surface in T, and OP to the plane which touches the ellipsoid in Q, the 
lines OP and OS will be equal and pei'pendicular to each other, and the four straight 
lines OP, OQ, OS, OT, will lie in the same plane at right angles to Oq. 

vol/. XVII. 3 E 
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10. This theorem is taken from a former communication to the Academy*. The 
surface to which it relates, being the loave surface of Fresnel, is one of frequent occur- 
rence in optical inquiries, and it is therefore desirable to give it a distinctive name not 
derived from any physical hypothesis. I shall call it a biaxal surface, from the cir- 
cumstance implied in its construction, and adopted as the definition on which the pre- 
ceding theorem is founded ; — namely, that any pair of its coincident diameters are 
equal to the two axes of a central section made in the generating ellipsoid abc, by a 
plane perpendicular to the common direction of the two diameters. The name, per- 
haps, may appear the more appropriate, as it reminds us of the place which the surface 
holds in the optical theory of biaxal crystals. 

11. Theorem IV. The biaxal surfaces generated by two reciprocal ellipsoids are 
themselves reciprocal. 

For if Q and 11 (Fig- 4.) be reciprocal points on the two ellipsoids, abc and a'b'c', 
a tangent plane at Q will cut OJR perpendicularly in P ; a tangent plane at i2 will 
cut OQ perpendicularly in N; and the rectangles ROP and NOQ will be equal to 
each other and to k^ (Art, 4). Also if the straight line Oqr, at right angles to the 
plane of the figure, cut the first ellipsoid in q and the second in r, then (5) the elliptic 
section Q,Oq will have OQ and Oq for its semi-axes, and the lines OR and Or will be 
the semi-axes of the other section ROr. Draw therefore, in the plane of the figure, 
the right lines OTL and OSM perpendicular to the right lines OQN and OPR, 
making OT, OL, OS, OM, equal to OQ, ON, OP, OR, respectively ; the angles at 
jS and L being of course i-ight angles. Then it is evident that the point T is on the 
biaxal surface generated by the ellipsoid abc, because O T is perpendicular to the 
plane of the ellipse Q0<7 and. equal to the semi-axis OQ, ; and by Theorem III. it ap- 
pears that O^S is perpendicular to the tangent plane at T. In like manner, the point 
ilfis on the biaxal surface generated by the other ellipsoid alb'c', and OL is perpen- 
dicular to the tangent plane at M. Moreover, the rectangles MOS and LO T, being 
equal to the rectangles ROP and NOQ, are each equal to k^. Hence the proposi- 
tion is manifest. 

12. As the ellipsoid whose semi-axes are a, b, c, may be called the ellipsoid abc, so 
the biaxal surface generated by this ellipsoid may be called the biaxal abc ; and that 
which is generated by the ellipsoid a'b'c may be called the biaxal a'b'c'. 

13. Proposition V. To find what properties of biaxal surfaces are indicated by 
the cases wherein one of the two sections QOq, ROr, in the preceding theorem, 
is a circle. 

Case 1. When QO^- is a circular section of the ellipsoid abc, the points T and F] 
(9) in the description of the biaxal surface abc, coincide in a single point n. At this 

* Transactions of the Royal Irish Academy, Vol. XVI. Part II. pp. 67, 68. 
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point there are an infinite number of tang-ent planes ; because the semi-axes of the 
circular section QOq being indeterminate, any two perpendicular radii of the circle 
may take the place of OQ, Oq, in the general construction. The point n is there- 
fore a point of intersection (3), where the two biaxal sheets cross each other, and it 
may be called a nodal point, or simply a worfe. As OQ always lies in the plane of the 
circle QOq, the line OR, which is reciprocal to OQ, must lie (6) in a given plane 
reciprocal to the plane of the circle. And as Oq lies in the plane of the circle, we 
have three right lines OR, Oq, OS, which are at right angles to each other, and of 
which the first two are confined to given planes. Therefore by Theorem II. the third 
line OS describes a cone whose sections parallel to the given planes are circles. Now 
TS — or in the present case nS — is parallel to the fixed plane which contains OR, 
and therefore the point S describes a circle ; or, in other words, the feet of the per- 
pendiculars OS, let fall from O on the nodal tangent planes^ occupy the circumfer- 
ence of a circle passing (8) through the nodal point. 

14. Parallel to the plane of the circle and to its reciprocal plane, conceive two 
planes passing through the node, and call them the principal tangent planes at n. 
The plane of the circle and its reciprocal plane are intersected in the right lines Oq, 
OR, by the plane qOR which is parallel to a tangent plane at n. Consequently this 
tangent plane at n intersects the two principal tangent planes in lines that are paral- 
lel to Oq, OR ; and as Oq, OR are perpendicular to each other, it follows that every 
nodal tangent plane intersects the two principal tangent planes in lines that are at 
right angles. 

Hence again, the nodal tangent planes touch (7) the surface of a cone whose sec- 
tions, parallel to the principal tangent planes, are parabolas. As this cone touches 
the biaxal surface all round the point n, it may be called the nodal tangent cone. 

15. Case 2. When ROr is a circular section of the ellipsoid a'b'c', any two per- 
pendicular radii of the circle may bo taken for OR, Or : and because OR = b', and 
OR X OP = k^ = bb', we have OP or OS equal to b, the mean semiaxis of the ellip- 
soid abc. Hence OS is given both in position and length ; for it is perpendicular 
to the fixed plane iSOr, and it is equal to b. Now a plane cutting OS perpendicularly 
at aS", is a tangent plane to the biaxal abc ; and we have just seen that this tangent 
plane remains the same, whatever pair of rectangular radii are taken for OR, Or. 
But the point of contact T is variable, for the plane ROS in which it lies changes 
with OR. Therefore as OR revolves, the point T describes a cu7-ve of contact on 
tlie tangent plane of the biaxal abc. 

The lines OR, Or, are in the fixed plane ROr ; and as OQ is reciprocal to OR, 
it lies in a fixed plane reciprocal to the plane Ror (6). Therefore the first two of 
the three perpendicular right lines Or, OQ, T, are confined to fixed planes. Hence 
the third line 2^ describes a cone, whose sections parallel to these planes are circles. 
But the tangent plane is parallel to the fixed plane ROr, and its intersection with 
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OT describes the, curve of contact. Therefore the curve of contact is a circle 
passing (8) through the point aS'. 

16. We have examined the two cases of circular section with reference only to the 
biaxal ahc. If we examine the same cases with regard to the second biaxal (I'h'd, we 
shall find that their indications are reversed ; the supposition which gives a node 
upon one biaxal, giving a circle of contact on the other : and that the node and the 
circle, thus corresponding, are so related, that a line drawn from O to the node 
passes through the circumference of the circle, cutting the plane of the circle perpen- 
dicularly ; whilst every line drawn from O through the circumference of the circle is 
perpendicular to some nodal tangent place. 

These things are evident on looking at the figure. For when ROr is a circle, 
it is plain that the point J/ is a node of the biaxal a!h'c\ since OM is perpen- 
dicular to the plane of the circle R Or and equal to its radius OR. But we have 
already seen (15) that when ROr is a circle, the other biaxal ahc has a circle of con- 
tact, whose plane is perpendicular to OM at the point S of its circumference. The 
line OTh is perpendicular, in general (11), to a tangent plane at M, and therefore 
perpendicular, in the present case, to a nodal tangent plane ; whilst the point T, 
through which it passes, is on the circle of contact. It is also evident that OT x. OJb 
= k\ 

We have here an example of the general remark in the corollary of Theorem I. 

17. The section made in a biaxal surface ahc, by any of the principal planes of its^ 
generating ellipsoid, consists of an ellipse and a circle. 

For let the plane Q Oq pass through one of the semiaxcs a, and let it revolve round 
this semiaxis, while the right line TV (9), perpendicular to the plane QOq, re- 
volves about in the plane of the semiaxes 5,c. Then the semiaxis a of the ellipsoid 
will always be one of the semiaxes of the ellipse QOq ; and if O T' be equal to this 
semiaxis, the point T will describe a circle with the radius a about the centre O. 
The other semiaxis of the ellipse Q Oq is that semidiameter of the principal 
ellipse be which lies in the intersection of the plane he with the plane Q Oq ; and as 
OVis equal and perpendicular to this semidiameter, the point V describes an ellipse 
equal to be, but turned round through a right angle, so that the greater axis of the 
ellipse described by V coincides in direction with the less axis of the ellipse be. As 
the radius a of the circle is greater (4<) than both the semiaxes b,c, of the ellipse, the 
circle will lie wholly without the ellipse. 

In like manner, the section made in the biaxal surface by the plane ab consists of 
a circle with the radius c, and an ellipse with the semiaxes a,b ; and as the radius of 
the circle is less than both the semiaxes of the ellipse, the circle lies wholly within the 
ellipse. 

18. But when the section lies in the plane of the greatest and least semiaxes a,c, 
the circle and ellipse, of- which it is composed, intersect each other. For the radius 
b of the circle is less than one semiaxis of the ellipse ac and greater than the other. 
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Leaving the ellipse ac in the position which it has as a section of the ellipsoid abc, if 
we describe the circle h with the centre O and radius h, the ellipse and the circle will 
cut each other in four points at the extremities of two diameters ; and planes, passing 
through these diameters and through the semiaxis b of the ellipsoid, will evidently be 
the planes of the two circular sections of the ellipsoid. Now turning the ellipse ac 
round through a right angle (17), the circle and the ellipse in its new position will 
constitute the section of the biaxal surface, and will cut each other (Fig. 5.) in four 
points n at the extremities of two diameters n On, nOn, which are perpendicular to 
the two former diametei's, and therefore perpendicular to the planes of the two cir- 
cular sections. Consequently, the biaxal surface has four nodes at the four points n. 
These nodes, it is manifest, are alike in all their properties ; and they are the only 
points common to the tv/o biaxal sheets, since the points T and V (9), in the descrip- 
tion of the biaxal surface, cannot coincide unless the section Q Oq, perpendicular to 
O TV, be a circle. 

19. The plane of the greatest and least semiaxes a, c, of the generating ellipsoid, 
may be called the plane of the nodes ; and the two diameters n On, n On, passing 
through the nodes, may be called the nodal diameters. 

At one of the nodes n (Fig. 5) draw tangents rif, nk, to the ellipse and the circle 
that compose the biaxal section •, and through O draw Op perpendicular to On, cutting 
the circle in p. Then as On is perpendicular to the plane of a circular section of the 
ellipsoid abc, this circular section will have Op for its radius, and its circumference 
will cross that of the ellipse ac (belonging to the ellipsoid) in the point p. A line 
touching the ellipse ac at p will be parallel to every plane that touches the ellipsoid 
in a point of the circular section, and will therefore (6) be perpendicular to the plane 
which is reciprocal to the plane of the circular section. But the tangent at p is per- 
pendicular to the tangent rif, since the two tangents would coincide if the ellipse ac 
were turned round (18) through a right angle, the point p then falling upon n. 
Hence the circular section and its reciprocal plane are parallel to the tangents nk, nf; 
and therefore two planes perpendicular to the plane of the figure and passing through 
these tangents, are the planes that we have called (14) the principal tangent planes 
at n. 

20. Produce Op to meet nf'va. v, and conceive a parabola having its focus at 0, its 
vertex at v (8), and its plane perpendicular to the plane of the figure. A cone, with 
its vertex at n and this parabola for its section, is (14) the nodal tangent cone. 

Draw Of perpendicular to Ttf ai f, and meeting nk in k. The perpendiculars let 
fall from upon the nodal tangent planes form a cone, of which the circles described 
in planes perpendicular to the figure upon the diameters rif, nk, are sections (8). On 
the other biaxal surface db'c there is (l6) a circle of contact whose plane is petpendi- 
cular to On. This circle of contact is (16) another section of the cone last mentioned. 

21. To the circle b and to the principal section ac of the ellipsoid abc conceive a 
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common tangent dJi' to be drawn, in a quadrant adjacent to that which contains the 
node n, and let it touch the circle in d' and the ellipse ac in i'. A radius Od', drawn 
through the point d' to meet the ellipsoid db'C in the point ^', will he reciprocal to the 
radius Oi', because it is perpendicular to a tangent tit i\ and it will be equal in length to 
b', because Od" x Od' = k^ = bb', and Od' — h; whence Od' — V. Therefore Od" is in a cir- 
cular section of the ellipsoid db'c. Two planes perpendicular to the plane of the 
figure, and passing through the reciprocal radii OiV\ Oi\ are (6) reciprocal planes, and 
we have seen that the first of them makes a circular section in the ellipsoid db'c. They 
are therefore (15) the fixed planes in the second case of Prop. V. 

22. Now draw di a common tangent to the circle b and ellipse ac composing the 
biaxal section, and let it touch the circle in d and the ellipse in i. The lines Od, Oi, are 
of course perpendicular to the lines Od', Oi', and therefore perpendicular to the fixed 
planes just mentioned. Hence the line Od and the point d are the same as the fixed 
line OS and the point S in the second case of Prop. V. The plane of the circle of 
contact is therefore perpendicular to Od at the point d (15) ; and the points d and i, 
where its plane intersects the right lines Od, Oi, perpendicular to the fixed planes, are 
(8) the extremities of a diameter. 

These things agree with the obvious remark, that the points of contact d and i 
must be points of the circle of contact ; and that di must be a diameter, because the 
plane of the circle is perpendicular to the plane of the figure, and this latter plane 
divides the biaxal surface symmetrically. 

As the circle and ellipse may have a common tangent opposite to each node, there 
are four circles of contact in planes perpendicular to the plane of the nodes.* 

23. The biaxal surface belongs to a class that may be called apsidal surfaces, from 
the manner in which they are conceived to be generated. 

Let C be a given surface, and O a fixed origin or pole. If a plane passing through 
O cut the surface Q, the curve of intersection will in general have several apsides 
A, A', A', &c., where the lines OA, OA, OA", &c. are perpendicular to the curve. 
Thi'ough the point O conceive a right line perpendicular to the plane of the curve, and 
on this perpendicular take from O the distances Oo, Oa', Oa', &c. respectively equal 
to the apsidal distances, OA, OA', OA", &c. Imagine a similar construction to be 
made in every possible" position of the intersecting plane passing through 0, and the 
points a, a, d', &c. will describe the different sheets of an apsidal surface. 



*The curves of contact on biaxal surfaces, and the conical intersections or nodes, were lately disco- 
vered by Professor Hamilton, who deduced from these properties a theory of conical refraction, v hich 
has been confirmed by the experiments of Professor Lloyd. See Transactions of the Royal Irish Aca- 
demy, Vol. XVII. Part. I, pp. 132, 145 ; and the present paper, Art. 55—58. 

The indeterminate cases of circular section— at least the case of the nodes— had occurred to me long 
ago ; but having neglected to examine the matter attentively, I did not perceive the properties involved 
in it (13)- April 2, 1834. 
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The apsidal surface has a centime at the point 0, because the lengths Oa, 
Oct, Oa", &c. may be measured on the perpendicular at either side of the intersecting 
plane. 

Referring* to the demonstration of Theorem III. it will be seen to depend only on 
the supposition that the point Q is an apsis of the section made by the plane Q Oq ; or, 
which is the same thing, that OQ, is a position wherein the radius rector from to the 
curve of section is a maximum or a minimum. Hence we have the following general 
theorem : — 

24. Prop. VI. Theorem. If tangent planes be applied at corresponding points 
A, a, on the surface G and the apsidal surface which it generates ; these tangent 
planes will be perpendicular to each other and to the plane of the points O, A, a. 

This is equivalent to saying that perpendiculars from on the tangent planes are 
equal to each other, and lie in the plane of the lines OA, Oa. 

25. If Q and It bp reciprocal points on two reciprocal surfaces of which O is the 
fixed origin or pole, the tangent plane at Q will be (I) perpendicular to OR and to 
the plane Q OR. Let a plane also perpendicular to the plane Q OR pass through OQ, 
cutting the surface to which the point Q belongs in a certain curve, and the tangent 
plane at Q in a tangent to this curve. The tangent is evidently perpendicular to OQ, 
and therefore the point Q is an apsis of the curve. 

In like manner, the point 72 is an apsis of the section made in the other surface by 
a plane passing through OR and perpendicular to the plane Q OR. 

26. From these observations, and from Prop. VI., it appears that if the points 
Q, JR, in the figure of Theorem IV., be reciprocal points on any two reciprocal sur- 
faces, and if the same construction be supposed to remain, the points TaxiAMmW 
be points on the apsidal surfaces generated by these reciprocal surfaces, and the tangent 
planes at Z* and Jf will be perpendicular to the lines OMwa.6. 2^ respectively. Also 
the rectangles LOTvin.6. 31 OS will be equal to k^. Hence we have another general 
theorem : — 

Prop. VII. Theorem. The apsidal surfaces generated by two reciprocal surfaces 
are themselves reciprocal. 

27. A very simple example of apsidal surfaces, with nodes and circles of contact, 
may be had by supposing the generatrix Gtohe a sphere, and the pole to be within 
the sphere, between the surface and the centre C. 

It is evident that the apsidal surface in this case will be one of revolution round the 
right line O Cas an axis. Therefore taking for the plane of the figure {Fig. 6.) a plane 
passing through OC and cutting the sphere in a great circle of which the radius is CS, 
let a plane at right angles to the figure revolve about 0, cutting the circle CS in the 
points A, A'. The section of the sphere made by the revolving plane will h^ve only 

* Transactions of the Royal Irish Academy, Vol. XVI. Part II. p. 68. 
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two apsides A, A', with respect to the point O, except when the plane is perpendicular 
to OC. Hence if we draw the right line Oad perpendicular to y^O^', taking Oa, Oa', 
always equal to OA, OA', the points a, a', will describe a section of the apsidal surface. 
This section will evidently consist of two circles C'S', C" S", equal to the circle CS, 
and having their centres C", G", on the opposite sides of in aright line C'OC" per- 
pendicular to OC-^ the distances OC, OC, OC'being equal. The circles C'S', C" S", 
intersect in two points n, n', on the line OC and have two common tangents di, d'i', 
which are bisected at right angles by OC in the points c,c'. 

28. Now let the circles C S', G"S", with their common tangents, or only one of 
the circles with the half tangents, revolve about the axis OC, and we shall have the 
apsidal surface with nodes at n,n', and with circles of contact described by the radii 
cd, c'd. 

The section of the sphere by a plane passing through O at right angles to On, is a 
circle of which is the centre. If therefore we suppose that the point n answers to 
a in Prop. VI., the apsis A corresponding to n will be indeterminate, and the position 
of the tangent plane at n will also be indeterminate, which ought to be the case at a 
node. 

The surface reciprocal to the sphere, the pole being at O, is evidently a surface of 
revolution about the axis OC (it is easily shown to be a spheroid having a focus at O) ; 
and the section of this reciprocal surface, by a plane perpendicular to the axis at O, is 
a circle of which O is the centre. This circumstance indicates (1.5) that on the 
apsidal surface there is a curve of contact, whose plane is parallel to the plane of cir- 
cular section; which agrees with what we have already seen. 

29. When the point O is without the sphere, the axis OC will pass between the cir- 
cles C'S', C"S", without intersecting either of them. The apsidal surface, described 
by the revolution of one of these circles about OC, will be a circular ring. The nodes 
have disappeared ; but the circles of contact still exist, as is evident. 



Part II On the Wave Theory of Light, 

30. Some of the foregoing propositions lead to a simple transformation of the 
wave theory of light. 

In this theory, the surface of waves, or the wave surface, is a geometrical surface 
used to determine the directions and velocities of refracted or reflected rays ; being 
the surface of a sphere in a singly refracting medium ; a double surface, or a surface 
of two sheets, in a doubly refracting medium ; a surface of three sheets on the sup- 
position of triple refraction; and having always a centre O round which it is sym- 
metrical. The radii of the wave surface, drawn from its centre O in different di- 
rections, represent the velocities of rays to which they are parallel. 
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31. We shall consider particularly the case of a doubly refracting crystal, with two 
plane faces parallel to each other, and surrounded by a medium of the common kind 
wherein the constant velocity is V; supposing, for the sake of clearness, that the 
crystal refracts more powerfully than the surrounding medium, so that the velocities 
in the crystal are less than the velocity V. 

A ray S'O, falling on the first surface of the crystal at the point O, is partly re- 
flected according to the common law of reflection, and partly refracted. The two re- 
fracted rays pass on to the second surface, where each of them is divided by internal 
reflection into a pair, the two reflected pairs being parallel to each other ; while the 
two emergent rays — one from each, refracted ray — are parallel to each other and to 
the incident ray S'O. The directions of the rays within the crystal are usually found 
by the following construction. 

S2. Describe a wave surface of the crystal, having its centre at O the point of in- 
cidence. By the nature of the wave surface, a right line O TU, drawn from the point 
O, will in general cut this surface in two points T, U, on the same side of 0; and a ray 
passing through the crystal in a direction parallel to 0T?7 will have one of the two 
velocities represented by the radii OT,OU, taking a line of a certain length k to repre- 
sent the uniform velocity Fin the external medium. With the centre O and a radius 
OS equal to this line k describe a sphere. As the velocities in the crystal are sup- 
posed to be less than V, the wave surface will lie wholly within this sphere. Let the 
plane of the figure (Fig. 7) be the plane of incidence, perpendicular to the parallel 
faces of the crystal, and intersecting the first face in the right line FA. Through the 
point S, where the incident ray /S"0, produced through the crystal, cuts the surface of 
the sphere, draw Slai right angles to OS and meeting FA in the point /. A right 
line perpendicular to the plane of the figure, and passing through this point /, we shall 
call the right line /. 

33. Through the right line / draw two planes touching the two sheets of the wave 
surface, on the side remote from the incident light, in the points T, T', which will lie 
within the sphere (32); then the incident plane wave, perpendicular to OS, will be re- 
fracted into two plane waves parallel to these two tangent planes; and the lines 0T,0 T, 
will be the directions of the refracted rays along which the refracted waves are pro- 
pagated. The lengths OT, OIT, represent the velocities with which the light moves 
along the rays ; and of course the normal velocities, which are the velocities of the 
refracted waves, are represented by the perpendiculars OG, OH, let fall from O on 
the two tangent planes at T, T'. These two perpendiculars O, OH, evidently lie 
in the plane of the figure ; but the points T, T', in general, do not lie in this plane. 

34. Again, through the right line / draw two other planes touching the wave surface, at 
the side of the incident light, in the points t,i . The rays O T,0 T', arriving at the second 
surface of the crystal, will each be divided by internal reflection into two rays parallel 
to Ot,Ot'', and these four reflected rays, arriving at the first surface, will each be divided, 
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by a new reflection, into two rays parallel to O T, OT'; and so on, for any number of 
reflections. Any of the rays emerging- at the first surface after internal reflections, is 
parallel to the ray Os produced by ordinary reflection at the point of incidence ; and 
any ray emergiiig at the second surface is parallel to the incident ray S'OS. 

35. This construction may be changed into another that will be found more con- 
venient both in theory and practice. 

Through S draw SJR perpendicular to 01, and meeting O G,OH, produced, in the 
points P,3I. Then as the angles at G and JR are right angles, the points /,22, G,P, 
are in the circumference of a circle, and therefore OP x 0G= 01 x OR — OS^ — k"; 
and similarly, OMx OH=z k*. If then we take for the fixed origin, or pole, and k'' 
for the constant rectangle (Theorem I.), and describe the surface which is reciprocal 
to the wave surface, it is evident that the points P and M will be points of the sur- 
face so described, and that OT.,OT\ will coincide in direction with perpendiculars 
let'fall from on planes touching the surface at P and M, and will be inversely pro- 
portional to these perpendiculars. It follows in the very same manner, that if per- 
pendiculars Og,Oh, let fall from O on the tangent planes at t,t', be produced to meet 
SM in the points p,m, these points will also be on the surface reciprocal to the wave 
surface. 

In the present case, it is manifest that this reciprocal surface lies wholly without the 
sphere OS. 

36. The surface reciprocal to the wave surface, the pole being at 0, we shall call 
the surfiice of refi'action. 

It is hardly necessary to observe that the surface of refraction has a centre at the 
point 0, round which it is symmetrical j that it is a sphere in a singly refracting me- 
dium, a double surface in a douWy refraicting medium, and a surface of three sheets if 
we suppose a case of triple refraction. 

37. In the case that we are considering, let the figure (Fig. B.) represent a section 
made in the double surface of refraction and its attendant sphere by the plane of in- 
cidence. ■ Through the point S, where the incident ray S'O prolonged cuts the cir- 
cular section of the sphere, draw SR perpendicular to the face of the crystal, or to 
FA ; and let SR produced cut the circle again in the point s. Then Os is the di- 
rection of the ray given by ordinary reflection at the first surface of the crystal. 
Produce the right line SRs both ways, to cut the surface of refraction in the points 
P,M, behind the crystal, and in the points p,m, before it ; and conceive planes to 
touch the surface of refraction at the points P,M, p,m. Suppose also that perpendi- 
culars OP', OiTf, Op '>Oni', are let fall from O upon these tangent planes, and that 
they intersect the planes in the points P',3f,p',7n', respectively. 

Then from the preceding observations (S3, 34, 35), it is manifest that OP ', OM', 
are the directions of the rays into which S' is divided by refraction; that each of 
these refracted rays, on arriving at the second surface of the crystal, is divided by in- 
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ternal reflection into two rays parallel to Op'jOm -j and that each of the four reflected 
rays, on arriving at the first surface, is again divided by reflection into, two rays paral- 
lel to OP'.OJ/'; and so on. In general, every ray going into the crystal/from the 
first surface, whether after refraction or after any even number of internal reflections, 
is parallel either to OP' or to OM'; and every ray returning from the second surface 
of the crystal after any odd number of internal reflections, is parallel either to Op' or 
to Om'. Thus the direction of every ray in the interior of the crystal is the same as 
the direction of some one of the four lines 0P',OM'y Op',Om'', and the velocity of 
the ray is inversely as the length of this line ; so that the velocity of the ray OM', for 
example, or of any ray parallel to OM', is to the velocity Vas OS is to OM'. The 
little plane waves that, keeping always parallel to themselves, move along these rays, 
are respectively perpendicular to the lines OP,OM, Op,Om; and the lengths of these 
lines are inversely as the velocities of the waves estimated in directions perpendicular 
to their planes ; so that the velocity of the wave which moves along the ray OM', or 
along any parallel ray, is to the velocity ^as OS is to OM. 

38. The ray OP' and all the rays parallel to it are perpendicular to the plane which 
touches at P the surface of refraction ; and the waves which move along these rays 
are perpendicular to the right line OP. Any ray of this set may be called a ray P, 
and any of the waves a wave P. In like manner, the rays M,p,m, are rays that are 
perpendicular to the tangent planes at the points M,p,m, respectively ; and the waves 
M,p,m, are the waves that belong to these rays, and that have their planes respectively 
perpendicular to the right lines 0M,0p,0m. The rays P,M, all come from the first 
surface of the crystal; the rays ^,m, from the second. 

As the ordmates RP,Rp, are greater than the ordinates RM,Rm, so the rays P,p, 
are more refracted or more reflected than the rays M,m. The former rays may 
therefore be said to heplvis refracted, ox plus reflected, and the latter to be minus re- 
fracted, or minus reflected. Or, — for the convenience of naming, — the rays P,p,may 
be called plus rays ; and the rays M,m, minus rays. The waves P,p, in like manner, 
may be termed plus waves, and the waves M,m, minus waves. 

For a medium of the common kind, or a singly refracting medium, we may use the 
letters ^ and s. Thus the incident ray S'OS, or any ray emerging parallel to OS 
from the second surface of the crystal, may be marked by the letter S; while the ray 
Os produced by common reflection, or any ray emerging parallel to Os from the first 
surface, may be denoted by the letter s. 

59- The course of a ray through the crystal may now be easily expressed. A ray 
SMps, for example, is aray {'(S) incident on the crystal, undergoing minus refraction 
(M) at the first surface, plus reflection (^) at the second, and emerging (js) from the 
first surface in a direction parallel to Os. Of this ray the part within the crystal is 
Mp. A ray SPS is a ray plus refracted, and then emerging in a direction parallel to 
that of incidence. A ray SPpMS is a ray plus refracted at the first surface, then 



254 Geometrical Propositions 

plusreflected at llie second surface, then minus reflected at tlie first surface, and 
finally emerging from the second surface in a direction parallel to that of incidence. 
Its path within the crystal is PpM, 

These examples indicate the general method of expressing the path of a ray. 

40. Suppose light to be moving in the same direction and with the same velocity 
along two proximate parallel rays, so that it is at the point A in one ray when it is at 
the point B in the other ; and through the points A and B conceive two planes per- 
pendicular to the common direction of the rays. These planes are either coincident, 
or maintain a constant distance. In the first case, the rays are said to be in complete 
accordance. In the second case, the constant distance between the planes is called 
the interval between the portions of light composing the rays, or the interval betweeh 
the waves that move along the rays. 

We proceed to find the lengths of these intervals in the case of rays emerging 
parallel to each other, at either side of the crystal that we have been hitherto con- 
sidering. 

41. Let the tangent planes at P, M, p, m, intersect the plane of the figure 
(Fig. 8^ in the right lines PP^, MM,, pp,, mm,, which of course are tangents to the 
section of the surface of refraction represented in the figure ; let a perpendicular at O 
to the face of the crystal cut these tangents in the points P,, M,, p^, m/, and let 
the lines OP", OM", Op", Om", respectively parallel to PP, , MM,, pp, , mm^ , cut 
the line SBs in the points P", M", p", m". 

The length of the path which a ray P describes within the crystal, is equal to the 
thickness 9 of the crystal divided by the cosine of the angle P' OP, which the path 
of the ray makes with a perpendicular to the faces of the crystal j and the velocity of 

P is equal to F^ x j^ (37) ; dividing therefore the length of the path by the velocity, 

X OP ' 
we find that the time in which a ray P crosses the crystal is equal to „ q„ „ — p^Tip ' 

t. OP' ' 

But as OP' is perpendicular to the tangent plane at P, we have ^ ,^p 

-OP,=PP". Therefore the time is equal to -T^Q^ • Similarly, the times in 

which rays M, p, m, pass from one surface of the crystal to the other, are equal to 
ex MM" Qxpp" ex mm" ,. , 

42. Now suppose the path of a ray P to be be projected perpendicularly on a right 
line having any proposed direction in space. Through O conceive a right line OL 
parallel to the proposed direction, and meeting in L the tangent plane at P. The 
length of the projection is equal to the length of the path multiplied by the cosine of 
the angle P'OL which the ray P makes with OL ; that is, the projection is equal to 

-^ — -- • But because OP' is perpendicular to the tangent plane at P, we have 

Cos P'OF, Qp, ^ Qp, Qpr Cos P'OL PP" 

Cos P'OL= ^, andCosP^OP=^ = ^; '^^'^^^'^ c^Fofr Ol" ^'""'^ 
the projection is equal to ©^^r-- 
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If tlie path of a ray P be projected on the incident ray OS, then producing OS to 

meet PP in /, we see, by what has just been proved, that the length of the projec- 

' PP" SP" 

tion is equal to -— -=?0 77^* by similar triangles. In like manner, the projections 

of the paths of rays M, p, m, on the direction of the incident ray OS, are equal to 
®W' ®l^' e ^, respectively. 

43. Let each rectilinear path be measured in the direction in which the light moves 
along it ; and according as the direction so measured makes an acute or an obtuse 
angle with the direction OS, measured from O to S, let the projection of the path 
on OS he reckoned' positive or negative. Then if SPmMpMS be any ray entering 
the crystal at O, and emerging from its second surface at E, and if a perpendicular 
EI be let fall from E upon OS, meeting OS in I ; the distance 01, from O to 
to the foot of this perpendicular, will evidently be equal to the algebraic sum of the 
projections of the paths P, m, Jfl, p, M, contained within the crystal ; taking each 
projection with its proper sign. It is obvious that the projections of the P and M 
rays are always positive. And as the lines Op' ,Ord , — the directions of the rays p, m, — 
lie in planes which are respectively perpendicular to pp^ , mm^ , or to Op", Om", it 
is easy to see that these directions make acute or obtuse angles with OS, according as 
the points p", m", lie below the point iS or above it ; that is, the projections are posi- 
tive or negative according as the points p", m", lie without the circle OS towards 
P, M, or within the circle. Therefore the distance 01, in the case of the figure, is 

equal to ^ CSP"—Sm" + SM"—Sp " + SM"). 

4.4). If the paths of rays P, M, p, m, be projected on the direction Os of the or- 
dinarily reflected ray, thelengths of their projections will be© ^y;v, 77«> ®^> ® 7To> 
respectively. The projections upon Os of the rays p, in, will be always positive ; and 
the projections of the rays P, M, will be positive or negative according as the points 
P" , 31", lie above the point s or below it j that is, according as the points P", M", 
lie without the circle OS towards p and m, or within the circle. So that if SPmMps 
be a ray entering the crystal at O and emerging from the first surface at e, and if a 
perpendicular ei be let fall from e upon Os, the distance Oi from the point O to the 
foot of this perpendicular, or the algebraic sum of the projections of the paths P,m, 

M, p, contained within the crystal, will be equal to ^ ( — sP" + sm" — sM" + sp"), in 

the case of the figure. 

45. Let us imagine that the light in the incident ray S'O, instead of being inter- 
rupted at O by the crystal, had continued to move with the same velocity V in the 
same right line OS, leaving the point O at the moment when the refracted light 
enters the crystal at O. Comparing the light in this imaginary ray with that in a ray 
emerging parallel to it from the second surface of the crystal, after an even number 
of internal reflections, we shall find that the emergent is behind the imaginary ray, and 
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that the interval between them (40), — or the retardation of the former, — may be de- 
rived very easily from the letters that designate that ray. Let SPmMpMS be any- 
such ray. The sum of the distances of the point S from each of the points marked 
by the letters (PmMpM) that denote (39) the part of the ray contained within the 
crystal, is proportional to the interval of retardation ; that interval being- equal to 
-^ {SP +Sm + SM+ Sp + SM). 

For if from the point E, where the last internal ray iHf emerges from the second 
surface of the crystal, a perpendicular JE7/ be let fall upon OS, meeting OS in I, the 
time of describing 07 with the velocity F would (43) he~^„<^P" -Sm" + SM" 
— Sp' + SM""). But (41) the actual time of describing the broken path PmMpM 
is y^Qi^ (PP" + mm!' + MM" +pp" + MM") ; and, on inspecting the figure, this time 



is seen to be greater than the time of describing OI, by ■j^—rr-JSP-vSm + SM+Sp 

+ SM), or by the time in which the line ~(SP + Sm + SM + Sp + SM)would 
be described with the velocity V. Consequently, at the moment when the light in the 
ray SPmMpMS emerges at the point £J from the second surface of the crystal, the 
light in the imaginary uninterrupted ray OSv/ill have passed the point /by an interval 
equal to the line just mentioned ; and as the two rays afterwards have the same velo- 
city and parallel directions, this interval is the retardation of the emergent ray. 

46. The rays emerging from the first surface after any odd number of internal re- 
flections are to be compared with the ordinarily reflected ray Os to which they are 
parallel ; the light in Os, which moves with the velocity V, being supposed to leave 
O at the moment when the refracted light enters the crystal at 0. The mode of 
proceeding in this case is exactly similar to that in the last, and the interval is de- 
termined in the same way, using s in place of S; the retardation of the ray SPmMps, 
for example, of which the part PmMp is contained within the crystal, being equal 

t Q 

to Q^ (sP + sm + sM+ sp) .* 

47. It is remarkable that the preceding demonstration nowise depends upon the sup- 
position that the planes perpendicular to the rays P,M,p,m, are tangent planes to the 
surface of refraction at the points P,M,p,m. If we had supposed any planes — dif- 
ferent from the plane of the figure- to pass through the points PfMiPtm, and the 
rays to coincide in direction with perpendiculars let fall from O upon these planes, 
and to have velocities inversely proportional to the lengths of the perpendiculars, the 
intervals of "retardation would have remained unchanged. Hence the retardations are 
the samQ as if the lines OP,OM, Op,Om, were the directions of the rays in passing' 



* The ckangd of phase, which may take place at a surface of the crystal, is not here considered as af- 
fecting the intervals. 
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through the crystal ; as will appear by conceiving the planes that we have spoken of 
to be perpendicular to these lines. 

If the incident ray SO were refracted in the ordinary way with an index equal 

OP 
to ^ , it would take the direction OP; if it were refracted, in like manner, with 

0\I , 
the index ^ , it would take the direction OM} and if the two rays, thus ordinarily 

refracted, were to emerge from the second surface of the crystal in dii'ections parallel 
to OS, it is evident from what has been said, that they would be in complete accord- 
ance, respectively, with the rays SPS and SMS. 

If the surface of refraction should happen to have a node N, which is a point of in- 
tersection where it admits an infinite number of tangent planes (3), let the direction 
of the incident ray S' OS be chosen, so that the right line RS perpendicular to the 
face of the crystal, being produced below S, may pass through N, and we shall have 
a cone of refracted rays formed by the perpendiculars let fall from O upon the tangent 
planes at iV; all of which rays, on emerging parallel to OS from the second surface 
of the crystal, will be in complete accordance with one another. For we have just seen 

that if the ray S' OS were supposed to emerge after being refracted in the ordinary 

ON 
way with an index equal to q^ , it would be in complete accordance with any ray of 

the cone. 

48. The interval between any two rays emerging at the same side of the crystal is 
the difference of their retardations. In taking the difference, the letters that are 
common to the names of the two rays may be left out. Thus the ray SPmMS is 

behind the ray SPS by the interval ~~^ (Sm + SM) = ^Mm. The line ;^ Pp is 

Ub Uo C/o 

the interval between the rays SMS and SMpPS, or between the reflected ray Os 
and the ray SPps ; and so on. 

49. The retardations of the two refracted rays SPS and SMS, emerging without 



internal reflection^ are -^r^SP and ;r-/SJIf respectively. The difference of these is 
pjif OA u^ '^ •' 

-r^' Consequently, when the two refracted rays have emerged from the second sur- 
face in directions parallel to the incident ray, the light in the plus emergent ray is 

X PUf 
behind the light in the minus emergent ray by an interval equal to . Or, in 

other words, the incident plane wave, perpendicular to OS, produces two emergent 
waves parallel to each other and to the incident wave, moving along the emergent 
rays with equal velocities V, and preserving the distance— ^^ between their planes, 
the minus wave being foremost. If OS, the radius df the sphere, be taken for unity, 
PMwill be a number, — ^generally a very small fraction, — and the interval will be the 
thickness of the crystal multiplied by this number. 

50. Suppose the right line PMR, remaining always perpendicular to the face of the 
crystal, to describe a cylindrical surface, with the condition that the part PM^ inter. 
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cepted between the two sheets of the surface of refraction, shall remain of a constant 
length ; the point H will then describe, on the surface of the crystal, a curve whose 
radii OH are the sines (to the radius OS) of the angles of incidence of a cone of 
rays ; and every ray S'X> of this cone, when refracted by the crystal, will afford two 
emergent rays, or two waves, having tlie same given interval between them.- Lines 
drawn from the eye parallel to the sides of this cone are the emergent rays belonging 
to H ring, when rings are made to appear, in any of the usual ways, on transmitting 
polarised light through the plate of crystal. In nominal conformity to this, we see 
that the line PM describes a ring of constant breadth between the two sheets of the 
surface of refraction. The ring described by supposing pm to remain constant cor- 
responds to the interval between two raysjo and m reflected at the same point of the- 
second surface of the crystal, and then emerging at the first. The other intercepts 
Pp, Mm, Pm,, Mp, are proportional (48) to intervals like those in Newton's rings j 
to the intervals, namely, between the reflected ray Os and the rays SPps, SJflms, 
SPms, SMps, emerging at the first surface after one reflection within the crystal,- or 
to the intervals between rays that are twice reflected in the crystal and the rays trans- 
mitted without reflection. 

51. The general investigation of the figure of a geometrical ring does not distin- 
guish between the different intercepts, and will therefore include all the rings PJH, 
pm, Pp, Mm, Pm, J^p ; so that it will be sufficient to contemplate any one of them, 
as PM, of which the breadth PM is equal to a'given line /. 

The points P and M describe, in general, similar and equal curves of double cur- 
vature, which may be called ring-edges, as being the edges of the ring ; and if we 
imagine the surface of refraction, carrying these curves along with it, to be shifted 
either way, in a direction parallel to PM, through a distance equal to I, it is clear 
that the new position of one of the ring-edges will exactly coincide with the first po- 
sition of the other, and that therefore the curve of the latter ring-edge will be given 
by the intersection of the two equal surfaces in these two positions. Let U=. 0, — 
where Z7 is a function of x, y, z, and given quantities — be the equation of the sur- 
face of refraction in its original position ; and, the axes of coordinates being fixed, 
suppose that by the shifting of the surface the coordinates of a point assumed on it are 
diminished by the given lines^ g, h, which are the projections of the given line / 
on the axes of w, y, z, respectively. Then the equation of the surface in its new po- 
sition will be had by substituting x +J', y +g, s-^h, for x, y, z, in the equation U=zO, 
which will thus become U+ V— 0, where V is the increment of U produced by the sub- 
stitution. These two equations combined are equivalent to the equations Z7=0, 
V= 0, which are therefore the equations of one of the ring-edges. If the surface 
had been shifted the opposite way, in a direction parallel to PM, the intersection 
would have been the other ring-edge, whose equations are therefore deducible from 
those already found, by changing the signs of jf^ g, h. 
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5^. If the equation of the surface of refraction be tra.n6formed, so that the plane of 
xy raay coincide with' the face of the crystal, and the aKis of ;r be perpendicular to it, 
the origin of coordinates being at the centre O, no change will be produced in x or in 
y by the motion of the surface, because PM, the direction of the motion, is now pa- 
rallel to the axis of z ; but z will be diminished or increased by /; and accordingly, 
if !/'■=: be the equation of the surface in its first position, when the centre is at O, 
and if V become W +V' when z becomes z + /, — the equation of the surface in its 
second position, when the centre has moved through a distance equal to /along the 
axis of ar, will be U' + V = ; and these two equations combined will giye Z7 = 0, 
K' = 0, for the equations of one of the ring-edges. The equations of the other rii^. 
edge are deduced from these by changing the sign of /. 

The projection of each of the ring-edges on the plane of xy is the curve traced by 
the point Ji on the surface of the crystal (50). This curve may be called a ring' 
trace. Its equation is obtained by eliminating z between the equations of a ring-edge ; 
and as the result must be the same whether / be taken positive or negative, the equa- 
tion of the ring-trace, when found by this general method, will contain only even 
powers of /. The radii drawn from O to the points /J of the ring-trace, are (50) 
the sines (to the radius OS,) of the angles of incidence or emergence of the rays that 
form an optical ring ; the rays that come from this ring to the eye being parallel to 
the sides of the cone described by the right line S'OS while the point R describes the 
ring-trace. 

53. It is evident that tangents to the ring-edges, at the points P and M, are paral- 
lel to each other, and therefore parallel to the intersection of two planes touching 
the surface of refraction at P and J!f, because these tangent planes pass through the 
tangents. But the directions OP', OM', are perpendicular to the tangent planes, 
and therefore the plane P'OMy containing the two rays, is perpendicular to the inter- 
section of th« tangent planes, and of course perpendicular to the parallel tai^nts. 
Hence the plane P'OM' intersects the face of the crystal in a right line p»pendic)tdar 
to the projection of the parallel tangents on the face of the crystal. As this projec- 
tion is a tangent to the curve described by R, it follows that the normal to the ring- 
trace at the point R is parallel to the line joining the points in which the two refracted 
rays cut the second surface of the crystal. 

In like manner, taking any two consecutive rays ('Pand m) having a common extre- 
mity on one surface of the crystal, the line joining the points where these rays cut the 
other sur&ee, is parallel to the normal at the point R of the ring-trace which is de- 
scribed when the intercept (Pm) between tJie letters that mark the rays is supposed to 
remain c^stant. 

54; In all that precedes we have made no supposition about the surface of rdfrac- 
tion except that it is a surface of two sheets ; and if we supposed it to have three sheets, 
the conclusions would be easily extended to this hypothesis. 
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In the theory of Fresnel, the wave surface is* a biaxal whose generating ellipsoid 
has its centre at the point O, and its semiaxes parallel to the three principal directions 
of the crystal, the length of each somiaxis being equal to OS divided by one of tho 
principal indices of refraction. The surliice of refraction is reciprocal to the wave 
surface, and is (11) therefore another biaxal generated by an ellipsoid reciprocal to 
the former, having its centre at the same point O, and the directions of its semiaxes 
the same as before, the rectangle under each coincident pair oi semiaxes being equal 
to k^ or OS^. Hence the semiaxes of the ellipsoid which generates the biaxal surface 
of refraction are equal in length to OS multiplied by each of the three principal in- 
dices. This biaxal surface is of course to be substituted for the surface of refraction 
in the preceding observations. 

55. When the line RS, produced below S, passes through a node N of the biaxal 
surface of refraction, the points P, M, coincide in the point JV, and the interval PM 
vanishes. At the point iV there are an infinite number of tangent planes, and the 
perpendiculars from O on these tangent planes give a cone of refracted rays whose 
sections we have already shown how to determine (20). All the rays in this cone, on 
arriving at the second surface of the crystal, emerge parallel to the incident ray OS ; 
and if the rays in the emergent cylinder be cut by a plane perpendicular to their com- 
mon direction, they will all arrive at this plane at the same instant, because the inter- 
val PJ/ vanishes. See art. 47- 

56. Suppose fig. 5 to be a section of the wave surface. The right line Od will pass 
through N ; and tho circle of contact, described on the diameter di in a plane per- 
pendicular to the right line OdN, will bo a section of tho refracted cone. Now it will be 
recoUected-j* that, in general, the vibrations of a ray T, which goes to any point Toi 
the wave surface, are parallel to the line which joins the point T with the foot of the 
perpendicular let fall from O on the tangent plane at Z'.^.In the present case, the per- 
pendicular is the same for all the rays of the refracted cone, and its extremity coin- 
cides with the point d : so that the line dT, drawn from d to any point T of the circle 
of contact, is parallel to the vibrations of the ray OT which passes through 7\ 
Conceive, therefore, a plane perpendicular to OJV at the nodal point N. This 
plane will cut the refracted cone in a circle whose circumference will pass through N; 
and a line NT', drawn from the node to any other point T' of the circumference, 
will be the direction of the vibrations in a ray O T' which crosses the circle at this 
point. The plane of polarisation is perpendicular to the direction of the vibrations. 

57. The transverse section of the emergent cylinder is always a very small ellipse, 
affording a hollow pencil of parallel rays in complete accordance (55). If the crystal 
be thin, this ellipse will be of evanescent magnitude. Hence the line OS will be the 
direction of a line drawn from the eye to the centre of the rings commonly observed 
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(50) with polarised light ; or it will be what is called the apparent direction of one of 
the oplic axes. The diameter passing through N will be the direction of the optic 
axis within the crystal. There are therefore two optic axes, parallel to the two nodal 
diameters (19) of the surf ice of refraction. 

As ON is cqnal to the mean semiaxis of the generating ellipsoid, or to the mean in- 
dex of refraction, when OS is unity, it follows that the apparent direction of an optic 
axis is the direction of an incident ray, which, if refracted in the ordinary way, with 
an index equal to the mean index of refraction, would pass along a nodal diameter of 
the surface of refraction. 

58. We have seen (15) that there is a circle of contact on the biaxal surface of re- 
fraction. If an incident ray S'OS be taken, cutting the sphere in S, so that the line 
US produced may pass through the circumference of this circle, it is manifest that the 
direction of the refracted ray will be the same through whatever point 11 of the cir- 
cumference the line JRS may pass, because that direction is perpendicular to the tan- 
gent plane at IT, which is in fact the plane of the circle itself. If, therefore, the line 
RS move parallel to itself along the circumference of the circle, cutting the sphere 
in a series of points S, every incident ray S' OS which passes through a point S so de- 
termined, will be refracted into two rays of which one will have a fixed direction in the 
crystal, being perpendicular to the plane of the circle of contact, and therefore coin- 
ciding (16) with n On, one of the nodal diameters of the wave surface. But though 
the direction On of the refracted ray is fixed, its polarisation changes with the 
incident ray from which it is derived ; for if IT be the point in which the line US, cor- 
responding to any position of the incident ray, crosses the circle of contact, the vibra- 
tions of the refracted ray On will be contained in the plane of the lines On, OU, and 
will be perpendicular to Oil. Conceive a circle described on the diameter TTfin a 
plane perpendicular to the figure {Fig. 5). This circle, and the circle of contact on 
the surface of refraction, are (20) sections of the same cone. Let II' therefore be the 
point at which OlT, in any position of the incident ray, crosses the circumference of 
the circle Tif; and the line Yl'n, drawn to the node of the wave surface, will be the 
corresponding direction of the vibrations in the ray On. 

59. With regard to the general law of polarisation in the theory of Fresnel, it 
may be observed, that if the ellipsoid abc which generates the biaxal surface of re- 
fraction be cut by a plane perpendicular to OP, the vibrations of the ray P will be 
parallel to the greater axis of the section, and therefore the plane of polarisation will 
pass through OP and the less axis ; whence it is easy to show that the plane of pola- 
risation of a ray P bisects one of the angles made by two planes intersecting in OP 
and passing through the nodal diameters of the surface of refraction ; the bisected 
angle being that which contains the least semiaxis c of the generating ellipsoid. The 
plane of polarisation of the ray j? is found in like manner. But for the rays M, m, 
the angle to be bisected is that which contains within it the greatest semiaxis a. 
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If OP' be perpendicular to a tangent plane at P, the vibrations of the ray P will 
be perpendicular to OP and will lie in the plane P OP'. A similar remark applies 
to the rays M, p, m. 

60. When two semiaxes a,h, of the ellipsoid ahc become equal, it changes into a 
spheroid aac described by the revolution of the ellipse ac aboxit the semiaxis c ; and 
the biaxal aac, generated by this spheroid, is * composed of a sphere whose radius is a, 
and a concentric spheroid ace described by the revolution of the ellipse ac about the 
semiaxis a; so that, the diameter of the sphere being equal to the axis of revolution 
of the spheroid, the two surfaces touch at the extremities of the axis. This combina- 
tion of a sphere and a spheroid is the surface of refraction for uniaxal crystals. In 
these crystals, therefore, the refracted ray whose direction is determined by the inter- 
section of the right line ItS with the surface of the sphere follows the ordinary law 
of a constant ratio of the sines, and is called the ordinary ray ; whilst the other, 
whose variable refraction is regulated by the intersection of RS with the spheroid, is 
called the extraordinary ray. And hence uniaxal crystals are usually divided into the 
two classes of positive and negative, according to the character of the extraordinary 
ray ; being called positive when it is the plus ray, and negative when it is the minus 
ray. The first case evidently happens when the spheroid is oblate, and therefore lies 
without the sphere described on its axis ; the second, when the spheroid is prolate, 
and therefore lies within the sphere. The second case, (which is that of Iceland 
spar,) may be supposed to be represented in the figure (Fig. 8), where the elliptic 
section of the spheroid, made by a plane of incidence oblique to the axis, lies within 
the circular section of the sphere, and the minus ray is of course the extraordinary 
one. 

61. Let PM, preserving a constant length /, move parallel to itself between the 
surfaces of the uniaxal sphere and spheroid, so as to form a ring (50). Then sup- 
posing the spheroid, with the ring-edge described on it by the point M, to remain 
fixed, imagine the sphere, carrying the ring-edge P along with it, to move parallel to 
PM, from P towards M, through a distance equal to /, and the two ring-edges will 
exactly coincide. 

Hence the uniaxal ring-edge is the intersection of a sphere and a spheroid, the 
diameter of the sphere being equal to the axis of revolution of the spheroid, and the 
line joining their centres being perpendicular to the faces of the crystal and equal to 
the breadth 7 of the ring. And the projection of this intersection, on a plane perpen- 
dicular to the line joining the centres of the sphere and the spheroid, is the uniaxal 
ring-trace. 

6^. fThe biaxal ring-edge is (51) the intersection of two equal biaxal surfaces 
similarly posited, the line joining their centres being perpendicular to the faces of the 
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crystal and equal to the breadth of the ring. And tlio projection of this intersec- 
tion, on a plane perpendicular to the line joining the centres of the surfaces, is the 
biaxal ring-trace.* 

* In applying the general theory (51, 52) to biaxal rings, it is necessary to know the equation of a 
biaxal surface, which may be found in the following manner. Let r, /, r", be three rectangular radii of 
the generating ellipsoid aba, the two latter being the semiaxes of the section made by a plane passing 
through them ; so that if from the centre O two distances OT, OV, equal to r', r", be taken on the di- 
rection of r, thepoints Tand V will belong (8) to the biaxal surface ; and let a plane parallel to the plane 
of r', r'', and touching the ellipsoid, cut the direction of r at the distance p from the centre. Then if r 
make the angles a, y3, 7, with the semiaxes «, b, c, we shall have, by the nature of the ellipsoid. 

1^ _ COS^g C0S'|3 COS^y 

p^=a^cos^a + b-cos^b + c^cosSy. 

Now since the sum of the squares of the reciprocals of three rectangular radii of an ellipsoid is con^ 
stant, as well as the parallelopiped described on three conjugate semidiameters, we have the equations 

l+l+±=l +1+1 
Or, 

1.1-1 ,1 I 1 /COS'^g COS=P COS'yX _ 

r"^ r"<i~ d?^ b'i c'' \ a' ^ 62 ^ c3 V -■'"' 

I _ a-cos2a+6'cos2/3+c'cos«y _ ^ 
rV^~ a26V ' 

Whence it appears that r", r", are the values of p in the equation 

P* P 
in which p denotes indifferently either semidiameter, OT or O V, of the biaxal surface. Therefore 
putting for J!f and iV their values, and writing -, -, -, instead of cos a, cos /3, cos 7, and x'^+y^+z^ 
instead of />*, we obtain, for the equation of the biaxal surface, 

(«« +y' + «2)(a V + 6y + cV) - o2(i« + c2)*2 - J'(a« + c')!/^ - c«(a' + 6«y + o^ J V = 0. 

This is the equation of the surface of refraction for a biaxal crystal in which a, b, e, are (54) the three 
principal indices of refraction, taking OS the radius of the sphere to be unity. The left-hand member 
of the equation is therefore the expression supplied by the theory of Fkesnel for the function ?7in art. 
51. 

When the faces of the crystal are parallel to any of the principal planes of the ellipsoid, — to the plane 
of xy for example, — the nature of the ring-trace may be found very easily. For if the difference of the 
two values of z, deduced from the preceding equa,tion of the surface of refraction, be put equal to a con- 
stant quantity I, the result, when cleared of radicals, will be an equation of the fourth degree in x andy, 
which will be the equation of the corresponding ring-trace. This is a case that occurs frequently in prac- 
tice; the crystal being often cut with its faces perpendicular to the axis of x or of 0, because these lines 
bisect the angles made by the optic axes. 

VOL. XVir. S H 



